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Nomenclature

a = transverse component of the system angular
momentum

C,C = centers of mass of the main body and the system

F = thrust vector (0 0 F3)T along the symmetry axis
passing through C,

H = angular momentum vector of the system

L, I, I = moments of inertia of the main body about the
centroidal principal axes x, y, and z

my,my = masses of spacecraft main body and pendulum bob

= pivot point of the pendulum

r = length of massless rod connecting the pendulum bob

r,ro,r, = position vectors from O tom,, C,to O, and C; to m,

r,r = position vectors from C to C; and m,, respectively

xyz = body-fixed frame having its origin at C,

B, Ba = resonant and detuned frequencies

£ = nondimensional small parameter

0,y = generalized coordinates of the pendulum

O, U = stationary point of 6 and variation from that point

u = ratio of m, to the total mass, m + m,

o = parameter describing the nearness of the detuned
frequency to the resonance frequency

T = scaled time

D = angle of rotation of the main body

w = angular velocity of the coordinate system xyz

Introduction

HE attitude stability of a spin-stabilized thrusting spacecraft
with internal mass motion has been studied for a long time. Nu-
merous studies have analyzed coning instabilities of space vehicles,
such as the Payload Assist Module and Delta Class upper stages,
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and based on the analyses of telemetries, several mechanisms have
been proposed to account for the instability of a spinning space-
craft. After much speculation, the list has been narrowed to several
leading destabilizing mechanisms. One of these is the liquid pool
theory based on mechanical and fluid interaction.!™* Most studies
based on this theory adopted rotor-pendulum models to describe
the mechanical and fluid interaction and tried to show the appropri-
ateness and usefulness of the proposed physical and mathematical
models to explain the observed motion. Accordingly, many analy-
ses were done for fixed parameters, that is, real flown vehicle data
rather than for a wider parameter space. However, for the design
and manufacture of new vehicles, it is important to do an analysis
for a wider parameter range. With consideration of such aspects, a
closer look is taken at the stability of internal mass motion over a
wider range of parameters. Because this study is complementary to
previous work,* it uses the same physical and mathematical mod-
els. To determine the stable—unstable regions of the internal mass
motion of a spinning space vehicle, a Strutt diagram is constructed
by using an analytical method. Furthermore, numerical simulations
are performed at various points in the unstable and stable regions
of the stability diagram to verify the analytical results. Because the
internal mass in the spinning body has a motion with a periodi-
cally time-dependent coefficient and is subject to periodic external
excitation, the multiple scales method is used to solve the system.

Stability Analysis of Internal Mass Motion

Stationary Solution

The spinning main body containing a liquid pool as shown in
Fig. 1 has mass m; and centroidal principal moments of inertia,
I, = I, > I, about the axes x, y, and z, respectively. The pendulum
that represents a liquid mass consists of a point mass m, attached
to a rigid massless rod, which in turn is attached at a point O to the
main body, and its motion with respect to the body m, is defined
by the angles 6 and . Here r is the position vector from C; to O
andr=r(—sin@siny sinécosy —cosf)’, whichis obtained by
using the 3—1 rotation sequence and the inverse transformation. For
simplification, we assume that the position vector r and the thrust
vector F align with the z axis and there is no friction torque at the

| Equivalent Model |
Lof the Slosh Mass |

Slosh Mass
F m,

Fig. 1 Liquid pool in a spinning body.
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pendulum hinge. Then the angular momentum vector of the system
about C is H=(H, H, H;)".For convenience, we introduce new
variables a, ® (Ref. 5), and w such that

H, =asin®d, H) =acos®, w=y+o D
where a is the transverse angular momentum component and rotates
at the relative spin rate

& = (1-5/I)Hs/ I + O(e) 2)

From the flight data of RCA-C’ upper-stage spacecraft (Fig. 1
in Ref. 4), we observed that the spin rate changed only 12% (var-
ied from 65 to 65.8 rpm) during the last 30 min before the attitude
destabilization occurs. This means that the angular rate about the
spin axis is almost constant. Therefore, we can assume that both
the spacecraft and pendulum are in states of quasi-steady spin about
the symmetry axis of the spacecraft. Thus, the following approxi-
mate equation for @ is obtained*:

6= {[P2 + u(Fsry/1h) — (a2/21,2)(1 + cos 2w)] cosf
— (F3/m|r)[1 — u(m]rz/ll)] — azrg/llzr} sin 6
+ (aH3/112)[l + (r,/r)cos@]cosw — (2aP /1) sin® @ cos w

3)

where P = (1/) + H3/13).

At the beginning of thrusting or in a nonresonance case, a is
relatively small so that the following stationary solution of 6 may
be obtained:

6, = cos™ (F3 [mir P2){1 — e[1+ (Fs [mir P*)(r,/7)]

+&(Fs [mir PY)(ro/r) -+ } @)

where & =m m,r?/[(m, +my) 1] = um,r?/1,. Because m is very
small compared with m; and m; +my~m;, ¢ is approximately
equal to the ratio of the moment of inertia of m, about the point O
to the lateral mass moment of inertia of the main body. As seen in
Eq. (4), the equilibrium points of 6 are determined mainly by axial
and centrifugal accelerations.

Instability Conditions

If we introduce a term ¥ that includes higher-order terms (HOT)
and expand Eq. (3) about 6, a new equation for the pendulum motion
at the stationary point is obtained as follows:

. Fs )
~ —| — cosO; — P~ cos26, + Biacosw |O

nmpr

+ Bya cos w + HOT

B
= —wé(l + —;acosw)ﬁ + Byacosw + HOT (&)
Wy
B — Hsr,sinf; 2P sin 26,
' 1127' 11
B, = H;r, cos 6 n P(cos26, — 1) n H; a)g — P2sin?6,

I2r I 7

(6)

In a nonresonance case, Ba and B,a are much smaller than a. As
can be observed from Eq. (5), the pendulum is subject to parametric
and external excitations. In this Note, motion of the pendulum with
respect to the stationary point is assumed to be small so that the
HOT in ¢ are dropped from the equation.

For convenience, Eq. (5) can be rewritten in a form similar to the
Mathieu equation with forcing functions as follows:
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B + (8 +2ea; cos 2T +2ea, sin 27)Y = (k; cos 21 + k; sin 21)

)]
where the double prime denotes d*(-)/dz? and
w = Q1 + wo, =2/, 8 = 4w [
o) = 2Bjacos wo/(mlﬂrZQz)
oy = —2Basin wo/(mlurzﬂz)
ki = 4Bya cos wo/(mlurzﬂz)
k, = —4Bja sin wo/(mllu’zﬂz) (8)

Equation (7) is a nonhomogeneous linear differential equation with
a periodically time-dependent coefficient. If there is no parametric
excitation, that is, a =0, then it becomes a second-order, constant
coefficient, homogeneous, linear differential equation. To find the
resonance conditions for Eq. (7), we use the method of multiple
scales® defined by

T, =¢"t 9

forn=0,1,2,.... Then, the solution for Eq. (7) can be represented
by an expansion having the form

17('[; 8) = l?o(To, Tl, Tz, .. ) + Sﬂl(To, Tl, Tz, .. )
+ &0 (To. T1, Tay .. ) + -+ (10

By carrying out the expansion to the order of &> and equating
the coefficients of equal powers of ¢, one may find the following
equations:

D39y + 80, =0 (11)
Déﬁl + 8191 = —2DOD11}0 — 2(11190 COoS 2T0 - 20{2190 sin 2T0
+ ky cos 2Ty + k, sin 2T, (12)

D} + 80, = —2Dy Dy — Dy — 2Dy D, %

— 201 cos 2Ty — 20,1 sin 27y (13)
where
a a ad 0
Do:—, D1=—, D2=—,...,Dl‘=—'
0T, oT a7, aT;
(14)

The general solution to Eq. (11) can be written in the form
9o = A(Ty, To)e™ + A(Ty, Ty)e ™0 (15)

where f=48"2 and A is the complex conjugate (CC) of A. Then,
Eq. (12) may be written as

DX + B0 = —2iBD; AP — (0] — i) Ae! T
— (o) —iap)Ae'® P 4 Lk — iky)e™0 + CC (16)

Because the behavior of the motion near resonance is of concern,
a detuning parameter o can be introduced such that

Ba=pB+eo 17

where B, denotes a detuned frequency. The parameter o allows one
to describe the nearness of the detuned frequency to the resonant
frequency and helps one recognize the terms in the governing equa-
tion for ¢ that lead to secular or nearly secular terms. By analyzing
the particular solutions of Eq. (16), one may find many resonance
conditions. However, we will confine our analysis to finite cases
that are realistic to the actual system and, thus, construct the corre-
sponding stability diagram by considering only four cases, 8~ 0,
1,2, and 4.
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Stability Diagram

The stability transition curves used to construct a stability diagram
are summarized in Table 1 and the derivation of the curves is given
in the Appendix. The underlying idea of the method of multiple
scales is introduced in Ref. 6.

Figure 2 is a Strutt diagram for Eq. (3) where the solid lines
represent loci of transition values that separate the ea¢—§ plane into
regions of stability and instability. The shaded area represents the
unstable region, and the unshaded area represents the stable region.
However, because the actual system uses particular values of its
design parameters, no more than one resonance case occurs in the
system.

For an application of the preceding analyses results, we con-
sider a spacecraft with the following parameters: F3 =71171.6 N,
m;=1950.5 kg, my=4.4 kg, I,=5L=1831.1 kg-m?, I;=
623.9 kg- m?, r,=1.0 m, r=0.6 m, a=27.12 kg- m?%/s, and
w3 =52.4 rpm.

To verify the analytical results, numerical simulations were con-
ducted for various points in the parameter plane of Fig. 2. Time

Table 1 Stability transition curves

Case Transition curve

B~0 s=—1e%?+O(?)

p~1 s=1%ea+ 3ea?+ {e3a’ + Oe*)

B2 §=44(5/12)*a® + O(e?) and § =4 — (1/12)e%a® + O(e?)
B4 8§ =164 (1/30)e2a + O(e*)

777 Unstable region
‘:l Stable region

L]
P12 P.®
[ ] 4
P3 Ps F’11 P7‘
ASE 2 CASE 3 CASE 4

-2 0 2 4 6 8 10 12 14 16
Fig. 2 Strutt diagram.
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histories of 6 for parameter combinations corresponding to various
points in the parameter plane of Fig. 2 are shown in Figs. 3—14. Fig-
ures 3—10 show two possible types of unbounded solutions. The first
type is nonoscillatory and increases exponentially with time (Figs. 3
and 4), whereas the second type is oscillatory but with amplitude
that increases exponentially with time (Figs. 5-10). The points in the
band of case 1 including P; and P, correspond to the first type, and
the points in the other unstable bands correspond to the second type.
The amplitude of the time response corresponding to point P; has a
very small growth rate (Fig. 9). Also, as can be expected, the unstable
time responses grow more rapidly as the value of ea increases.
The bounded solutions corresponding to points Po—P), are shown
in Figs. 11-14. They are aperiodic and vary with the frequency
composed of the main and parametric excitation frequencies.
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Conclusions

As an extension of previous work, the dynamic stability of the
internal mass of a spinning vehicle was investigated for a wider pa-
rameter space. To provide suitable design criteria for a broader ap-
plicability to the class of spinning spacecraft, the same physical and
mathematical models were used. Because the behavior of motion
near resonance was of concern, four probable resonant conditions
and corresponding stability transition curves were derived by an
analytical method. By using these curves, we constructed a Strutt
diagram. The locus of transition values in the diagram separates
the ew—§ plane into regions of stability and instability. Therefore,
stable—unstable regions of the internal mass motion of the spinning
vehicle in terms of parameters can be determined easily. Sometimes
it may be hard to interpret directly the final results for the actual
application because many physical parameters are combined into a
single parameter or several parameters. However, it is possible to
interpret the results if we make and use a computer program that cal-
culates the relationship between parameters. For example, plugging
basic data (parameters) of the spacecraft into the program, we will
get a point in the parameter plane of the Strutt diagram. If the point
appears in the unstable region, we can change the values of some
design parameters and repeat these steps until the point appears in
the desired stable region.

To verify the analytical results of the stability, numerical simu-
lations were performed using the basic data of the spacecraft and
parameter values corresponding to the points in the Strutt diagram.
Simulation results for each point in the parameter plane show that
characteristics of the stability of motion are as expected, and thus, the
analytically obtained stability diagram is appropriate. Time histories
of the pendulum motion at the points in the unstable band emanat-
ing from B =0 are nonoscillatory and increase exponentially with
time, whereas those corresponding to points in other unstable bands
(emanating from 8 = 1, 2, and 4) are oscillatory but with amplitudes
that increase mostly exponentially with time. Because the previous
study* showed that the slosh mass serves as an energy storage and
generates disturbance torques about the pitch and yaw axis of the
main body, it is important that the parameter combinations should
remain in the stable regions of the Strutt diagram.

Appendix: Derivation of Stability Transition Curves
Case 3=0
In this case we let

S =¢0,+ &%+ - (A)
Then Eqgs. (12-14) can be rewritten as
D39y =0 (A2)
D39 = —018 — 2Dy D19 — 2019 cos 2Ty — 2a,% sin 2T
+ ky cos 2Ty + k, sin 2T, (A3)
D}t = —oaly — 0191 — 2Dy Dyt — D3y — 2Dy Dy
— 2019 cos 2Ty — 2,1 sin 2T (A4)
The solution of Eq. (A2) can be expressed as
U = AT, T2) (AS)
Then Eq. (A3) becomes
Dgﬁ. = —(o071 4+ 201 cos 2T, + 2, sin 2T) A
+ ky cos 2Ty + k, sin 27, (A6)
Eliminating secular terms from %, requires that oy = 0. Then when
the homogeneous solution is disregarded, the solution for Eq. (A6)

becomes

9 = —1 (A — thi) cos2Ty + 1 (o2 A — 3ho) sin 2Ty (A7)

1
2

ENGINEERING NOTES

Then Eq. (A4) becomes
Dty = —0yA — DIA — 1 (af + 02) A + F(i K| + axka)
+ 2D A(a sin 2Ty — a; cos 2Tp)
— (e} = a3)A = L@k — anki)] cos 4Ty
— 20124 — L(aiky + axky)] sin 4T, (A8)

Eliminating the secular terms from ¢, requires that
DiA+[os+ H(e? +d)]A - Lanki +anka) =0 (A9)

from which we get

A =ajexp [i,/(rz + %(a% +a§)T]
1 (ak; + azks)

+a; exp [—i o+ %(alz—{-a%)T:I + E(HI(TQZ)
2T 7 \o 2

(A10)

Therefore, ¥ is bounded if oy > —3 (o} +(x%) and unbounded if

0y < — % (otf + oe%). Consequently, 0, = — % (a7 + a%) separates the

stable from the unstable solution, and the transition curve emanating
from § ~ 0 becomes

5= —12a® + O(?) (A1)

-2

Case 8=~ 1
In this case, the particular solution becomes

B = [1/4(B + D{(ay — iax) Aexpli (2 + B) o]
+ (a1 +ion)Aexp[—i (2 + B)Tol} + [1/2(8* — 4)]
x [(k — iky) exp(i2Tp) + (ki + i) exp(—i2Tp)]  (Al12)

Because 8 =1 — €0, the detuning parameters and transition curves
emanating from § & 1 correspond to

o =Fia— (1/16)ea® F (1/32)% + O(%)  (A13)
8 =1%ea+ 362+ Le’a® + O(e*) (A14)

Case 3~2
Similarly, we can proceed further to B & 2 to obtain the particular
solution

= [1/4(8 + DN(o1 — iaz)Aexpli(2 + )Tl
+(on +ien)Aexp[—i(2+ BTy}
~[1/4(8 = D){(e — i) Aexpli(2 — p)To]
+ (a1 +iap)Aexp[—i (2 — B)Tol} (A15)
Because 2 = § + €0, the detuning parameters correspond to
o =—£(5/48)(af + 3) + O(e?)
o =e(1/48)(af + a3) + O(?) (A16)
Hence, the transition curves emanating from é ~ 4 are given by
8§ =4+ (5/12)e%a* + O(e), §=4—(1/12)8%a* + O(?)

(A17)



J. GUIDANCE, VOL. 28, NO. 3:

Case B~4

Eliminating the terms that produce secular terms in Eq. (16) leads
to D;A=0 so that A= A(T). Hence, the particular solution of
Eq. (16) is

01 = [1/4(8 + D1{(ey — iax) Aexpli (2 + B)Tp]

+ () + i) Aexp[—i (2 + B)Tol}

—[1/4(8 = Dl{( — iax) Aexpli (2 — B)Tp]

+ (o + i) Aexpl—i (2 — B)Tol}

+ [1/2(/32 — DH][(ky — iky) exp(i2Tp)

+ (k1 + iky) exp(—i2Ty)] (A18)
Substituting for 9% and ®, into Eq. (13) yields

a(a; —ias)

D39y + 80, = 2B D

—2iD,Aexp(iBTy) —
x Alexpli(4 + B)Tol + exp(iBTo)}

+ ﬁ{(al — i) Aexpli(4 — B)Ty]

+ (o1 +iax)Aexp(ifTo)}

2(/32 [(kl iky) exp(i4Ty) + (ky — iky)]

Jon(ay —iay)

a1y AepliGd ATl = explpTo)

- 403 {(al i) Aexpli(4 — B)Ty]
+ (e i) AexpUBTY) +i 5 ﬂf‘ 5
x [(ky — iky) exp(i4Ty) + (k; + iky)] + CC (A19)

Elimination of terms that produce secular terms from Eq. (19) yields

eired 1,

The solutions for A and A are

I o?+a?
A= Aoexp{—l _m’[‘z - C()i|}
- | a?+a?
A = Agexp {1[4/3(lﬁf_21)T2 - CO]} (A21)

Therefore, the solution of the system is

B =0 + &0 + O(e?)
= agcos ¢ + elag/4(B + 1)]
x [ c0s(2Ty + @) + @2 sin(2Tp + ¢)]
—élao/4(B — Dllar cos2Ty — @) + a2 sin(2Ty — ¢)]

+e[1/(B* — Dlki cos(2Ty) + ka sin(2Tp)] + O(e?)  (A22)

where

a =24 —|p—-¢ Zu)T+C (A23)
0 = 240, Y= 4B(B? — 0 0
When g &4, we introduce a detuning parameter o defined by

4=B+¢% (A24)
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and express 47 from Eq. (A19) as 4Ty = BTy + o T,. Then, elim-
ination of the terms that produce secular terms in Eq. (A19)
gives

2 2
DA+t
4p(B>— 1
_ (a1ks + azky) ";i(alkl — arky) doT — (A25)
4p(B* —
Let
A= (A +iA)e " (A26)

where A, and A; are real. Putting this into Eq. (A25) and separating
the real and imaginary parts, we get

DA, —o,A; = fi, D)A; +0,A, = fo (A27)
where
2, 0
oA +O(2 alkz +(12k1
Oy =0+ o, fi=
4B — 1) LT g -
ark; — asxk;

= A28
fa 1B —4) (A28)

When o is not zero, Eq. (A27) admits a general solution in the form
A, = a,e'” + a0, A = a;e’™ + ap (A29)

where a,, a,9, a;, and a;( are constants, provided that
yr=—02 (A30)
a0 = fo/0s, aip = — fi/o; (A31)

Equations (A29) become
Ay = aycos(o;T) + az sin(o;T2) + f>/0,

A; = —ay sin(o;Ty) + a; cos(o;Tr) — fi/ 0 (A32)

where a; and a, are constants.
If o, is zero, that is, 0 = —(ozf + Ot%)/4/3(,32 —4), Eq. (A27) has
a solution in the form A, = f 15 +a,o and A; = f>,T5 + a;o. Hence,
Eq. (A26) becomes
corky + arks

aiky + ark;
A=
{[4/3(;32 5 Mg —a

. a? +a?
X exp[—zmn} (A33)

which grows with time. The transition curve emanating from g ~ 4

is
Val+al (A34)

]Tz + (a0 + iaio)}

8 =16 + (1/30)e%a? + O(e%), o=
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